INTRODUCTION
Proximinal subspaces are pivotal for best approximation in normed spaces. In addition to the general investigation of proximinality in any normed space, as in [6, 8, 17 19] , there exists a large literature concerning proximinality in special cases, for instance, the case of L p spaces discussed in [4, 9 11] .
In [5] Franchetti investigated the relationship between proximinality and the existence of minimal projections for finitely complemented subspaces of a large class of Banach spaces.
In this paper we investigate finitely complemented proximinal subspaces of C(Q), endowed with the usual supremum norm, with Q compact and Hausdorff. In this case the proximinality of finitely complemented subspaces has already been completely characterized by Garkavi (see the monograph [16] ). A more recent characterization [20, Theorem 2] brings into the picture the existence of continuous representatives of Radon Nikodym densities.
In this paper, using Garkavi's characterization and a Radon Nikodym Theorem due to Greco [7] , we prove that proximinal finitely complemented subspaces of C(Q) enjoy the following property: their annihilator is actually a finite-dimensional subspace of C(Q) itself (Theorem 3.4).
Hence in C(Q) these subspaces are in a sense a surrogate of what happens in a real Hilbert space X, where X* can be identified with X itself.
It is natural to ask whether this property characterizes proximinal subspaces among finitely complemented ones. We show that the answer is negative. This in turn leads us to a characterization of proximinality for 2-complemented subspaces G in the particular case when G = is generated by two independent non-atomic, nonnegative measures The idea of disconnectedness of the carrier in fact has already appeared in [15] .
In a forthcoming paper [3] the authors obtain the same characterization for any finitely complemented subspace whose annihilator is spanned by n independent non-atomic measures and show that the non-atomicity assumption cannot be dropped in this characterization.
PRELIMINARIES
Throughout this paper we will adopt the following symbols:
Q is a compact Hausdorff topological space; B Q is the Borel _-algebra on Q; E=C(Q) is the space of all continuous real valued fuctions on Q, endowed with the usual supremum norm; Q(2) is the set of dyadic rational numbers; R(+) is the range of a measure + on B Q ;
A is the boundary of a set A; g$ & (resp. g$ + ) is the left hand side (resp. right hand side) derivative of a real function g.
For a closed subspace G of E and x # E we consider the set:
The quotient space EÂG is endowed with the norm &x+G&= Inf[&x+ y& : y # G]. As usual the dimension of EÂG is termed the codimension of G.
Recall By virtue of the canonical isometry between (EÂG)* and
The following result of Garkavi gives a characterization of the proximinal subspaces of codimension n.
Theorem 2.1 [16] . Let G be a closed subspace of C(Q) of finite codimension. Then G is proximinal if and only if the following conditions are satisfied:
, the measure & is absolutely continuous with respect to &Ä on the set S(&Ä ).
FINITELY COMPLEMENTED PROXIMINAL SUBSPACES OF C(Q)
Throughout this section G will denote a closed subspace of C(Q) of codimension n; hence
. By making use of Garkavi's Theorem, we shall prove the following: 
Proof. In order to prove the``only if '' part, we shall show that G = satisfies the conditions of Theorem 2.1.
We begin by proving condition (2.1.a).
Observe first that from |&| = fg d& in
The sets: The proof of (2.1.c) is straightforward. For the proof of the``if '' part, we will need the following steps.
Definition 3.1. If (P, N) is a Hahn decomposition of the support of a measure * # C(Q)* into two closed disjoint sets such that P _ N=S(*), we say that * admits a Hahn-Garkavi decomposition (H.G.D.) (P, N).
Lemma 3.1. Let G be proximinal, r be a nonnegative real number and
Proof. By making use of Garkavi's Theorem, we decompose S(+) into finitely many clopen disjoint sets S ; with ;=(; 1 , ..., ; n ), ; # [0, 1, &1] . From
we have that
By ( 
is still a positive set, and it is closed in S(& + ). 
The following theorem is known: Theorem 3.2 [7] . Let &, + be two nonnegative measures on a measurable space (0, 7), with &< <+. Let (A r ) r # Q(2) be a collection of measurable subsets of 0, decreasing with respect to increasing r and such that
As a consequence of this theorem, one can establish the following:
Then there exists a continuous function f:
Proof. Let us consider the collection (A r ) r # Q(2) of Lemma 3.2. For r=0
The collection (A r ) r # Q(2) fulfills the assumptions of Theorem 3.2 with 0=S(& + ); hence the function f : S(& + ) Ä R defined in this theorem is a representative of the density d& + Âd+. Observe that f is bounded, since A r is empty for r r 0 . We shall prove that f is continuous.
To show first that f is upper semicontinuous, let t # R + 0 be fixed,
Note
We shall now prove that f is lower semicontinuous. Let t # R + 0 and let x 0 # [ f t]: if there existed sÄ <t with x 0 Â A sÄ , from the monotonicity of the collection (A r ) r # Q(2) , it would be x 0 Â A r \r sÄ , whence 
Proof. Let (S(&
For every E # S(+) & B Q we have
gÄ d+=&(E).
The closed by (2.1.b) . To conclude the proof of the``if '' part of Theorem 3.1, note now that (1) follows immediately from Corollary 3.1. (2) can be proved in a completely analogous way.
and S(+)"S(&). Note that this latter set is closed since

S(+)"S(&)=[S(&
As a consequence of Theorem 3.1 we have Theorem 3.4. Let G be proximinal. Then there exist a regular nonnegative measure + defined on the Borel _-algebra B Q , and n continuous functions f 1 , ..., f n :
THE STRUCTURE OF 2-COMPLEMENTED PROXIMINAL SUBSPACES
Throughout this section G will be a closed subspace of E of codimension 2 and
. We will present a geometric characterization of proximinal subspaces of C(Q), whose annihilator is spanned by two such measures. We begin with the following lemma: Proof. Consider the clopen set
. From this inclusion and from the nonnegativity of & 2 we obtain & 2 (C P ) & 2 (S(& 2 )"S(& 1 )). Let us suppose that C P , which is closed and hence compact in S(& 2 ), is strictly contained in
] is a proper compact subset of S(& 2 ) and thus, being & 2 (C P )= y P , from the assumption we have
), which is a contradiction, by the definition of carrier. Then
The proof of the other equality is analogous. Proof. Throughout the following, \F # B Q we will denote by R F the range of & restricted to B F , the Borel _-algebra on F. Let H=S "S(&Ä ). Then & 2 =k& 1 on B H , and hence R H is the segment joining the origin with &(H) whose slope is in fact k. Consider the convex function g: Proof. Without loss of generality we shall prove the lemma for the measure &~=& 2 &k& 1 . By the previous lemma and by the central symmetry of R(&), R(&) contains two parallel segments of slope k. Let P=(x P , y P ) and P$=(x P$ , y P$ ), with x P <x P$ , be the endpoints of one of those segments. Obviously P, P$ # Ext R(&). By assumption there exist two clopen subsets 
. From the properties of the carrier of a measure, it follows (
Let us now show that K=C 2 "C 1 =S"S(&~), i.e., that S(&~) is a clopen subset of S. We have &~(T )=0, \T/K.
Thus for S(&~)"K (which is closed and hence compact in S(&~)) &~(S(&~)"K)=&~(S(&~))&&~(K & S(&~))=&~(S(&~)).
From the properties of the carriers it follows K & S(&~)=<, that is S(&~)/S "K. Let us suppose that S(&~)/ { S "K. This implies that K/ { S "S(&~). Then, being |&~| (S "S(&~))=0, it is &~(J)=0, that is & 2 (J)=k& 1 (J) \J/S "S(&~). Since K/ { S"S(&~), the length of the segment of slope k on R(&), would be greater than that of PP$. This contradicts the extremality of P$, therefore K=C 2 "C 1 =S "S(&~).
We are now able to prove the following: Being & non-atomic, R(&) is compact and convex [12] : hence if P= (x P , y P ) # Ext R(&), there exists a set A/S such that P=&(A). For every A # B Q define the functions
When A=S we shall use the symbols g and # simply. Define & R = graph g, and
From the geometry of zonoids, it is known that the following equality holds: Fourth case: :Â;>0 and #Â$>0. Here the carrier of the measures &Ä , &ĩ s S; then, trivially, S(&Ä )"S(&~) is empty. If on the contrary R(&) contains a segment of slope \, by hypothesis there exist two clopen subsets H 1 , H 2 of S whose measures are the endpoints of the segment itself, with H 1 /H 2 , and S(&~)=S "H 3 , where H 3 =H 2 "H 1 . If it were & 1 (H)>0, then the range of the restriction of &t o H would be a segment of slope \. Since H & H 3 =<, we have H _ H 3 # { H 3 , and hence the range of the restriction of &~to H _ H 3 would be a segment of slope \, with length greater than that of the segment 0&(H 3 ). Therefore R(&) would contain a segment of slope \, with length greater than that of the segment &(H 1 )&(H 2 ), which contradicts the extremality of &(H 2 ). Then necessarily & 1 (H)=0 (and hence & 2 (H)=0), whence &Ä < <&~on S(&~). Obviously, if &~=#& 1 +$& 2 , with #Â$<0, then &Ä < <&õ n S(&~). The cases we have examined are sufficient to completely prove condition (2.1.c), and to conclude the proof of the theorem.
We are now able to show that the converse of Theorem 3.4 does not hold. 
